Introduction
The rack and pinion mechanism has been studied by Meyer (1965) , Wilt and Sandor (1969) , Kinzel and Chen (1984) as well as Gibson (1984) , Hofmeister (1984) , Claudio (1986) , and Duschl (1987) in collaboration with the second author of this paper. The material presented in this paper extends the work done by Duschl and Kramer (1987) on the solution of six precision conditions (combined path and function generation for three positions) with the addition of prescribed velocity at one of the precision points. As shown in Table 1 , the rack and pinion mechanism can be synthesized for a maximum of seven precision conditions with specified values for various combinations of coupler point position, its velocity, rotation of the pinion, and its angular velocity at one or more design positions. The general form of synthesis equations for each one of the four different types of precision conditions is shown in Table  2 . The solution procedure depends upon the number of available free choices and is slightly different from one case to another. The present work concentrates on the case (shown prominently in Table 1 ) in which the mechanism generates a path passing through the three precision points satisfying the specified velocity at one of the three points together with a prescribed finite rotation of the pinion.
The rack and pinion mechanism ( Fig. 1) is composed of an input crank, Z 2 , whose rotation is specified by the mechanism designer. The rack, Z 4 , is in nonslip contact with the pinion such that it rotates by yj and translates. The offset, Z 3 , is rigidly connected to Z4 and allows for generality but in some cases may be omitted. The pinion, whose radius vector is Z 5 , rotates as the rack rotates and translates. Vector Z 6 defines the tracer point with respect to the tip of the offset and is rigidly attached to the rack. The fixed link, Z lt connects the two fixed pivots.
This specialized mechanism is similar to the prismatic mechanism (Tsai and Soni, 1979, and Shigley and Uicker, 1980) in that vectors Z 3 , Z 4 , and Z 5 all rotate with the same angle, since Z 4 is always perpendicular to Z 5 . The rack and pinion mechanism, however, produces an additional output, 1/7, which is Contributed by the Mechanisms Committee and presented at the Design Technical Conference, Chicago, IL, Sept. 16-19, 1990 the rotation of the pinion. The rack and pinion mechanism has industrial applications in the packaging industry as well as toys and other leisure equipment. The inversion of the mechanism where the pinion is the driver, has been used in mechanical aircraft control devices, hospital and laboratory equipment, rack and pinion automotive steering linkages (Zarak and Townsend, 1983) and several tasks on manufacturing assembly lines.
Method of Solution
It is very convenient to use complex number method (Sandor, 1959) to synthesize this mechanism. The vector representation of the rack and pinion mechanism along with coordinate axes are shown in Fig. 2 in the initial design position. The input crank rotations, tpj, and the position vectors, R y -, are known because of the path specification, where j= 1, 2, and 3. The rotation of the pinion, \f/j, and the angular velocity of the input crank, <pj, are also known. The velocity at the precision point is prescribed as R 3 . The magnitudes of all the links are unknown but the orientations of Z 3 and Z 5 relative to Z 4 are known. Offset, Z 3 , is rigidly connected to Z 4 at a right angle. Physically speaking, the offset need not be perpendicular to Z 4 but kinematically speaking there will always be a perpendicular vector which can be drawn. Also, since Z 5 is perpendicular to Z 4 due to the rack's tangency to the pinion, the following relationships are true (Gibson and Kramer, 1984) :
(,r/2) = Z 4 /z 3 / (1) 
Although ^ and h 5 are ratios of magnitudes, either may be negative to indicate a direction opposite to that assumed in Eqs. (1) and (2). Since Z 3 and Z 6 are rigidly connected, the following definition is adopted for simplicity:
Since the magnitude of link Z 4 changes from position to position, a stretch ratio is defined as the ratio of the magnitude of Z 4 in its y'th position to its initial magnitude so that
>-$
From Fig. 2 , the position loop closure equation for loop 1 in the initial position can be written as:
Additional loop closure equations can be written for anyy'th position which represents the general displaced path position. They are:
Subtracting the initial position from the general position yields the following displacement equation:
For loop 2, the function loop closure equation can be written for the initial position as:
For anyy'th position, Subtracting the initial position from the general position and using Eqs. (1) and (2) yield:
Referring to Fig. 3 , the pinion and the rack rotations can be related using the principle of superposition as noticed by Gibson and Kramer (1984) :
"5 where i/< 3 is the prescribed rotation of the rack from first position to the third position. Taking the time derivative of Eqs. (7) and (10) It should be noted that R 3 is the specified velocity at the third precision point. In actuality, the velocity condition could have just as easily been specified at the first or second position. The only difference is a change in subscript. Equation (7), (11), (12), (13), and (14) totally represent 13 scalar equations in 14_scalar unknowns (Z 2 , Z 36 , Z 4 , h it h 5 , k 2 , ki, 72, 73, 73, and & 3 ) . Hence this system of equations is solvable with one arbitrary choice.
• Equations (8) and (13) can be transformed into matrix form as follows:
The above system of equations was solved for y 2 , 73, Z 2 , and Z 36 with 73 as the arbitrary choice. The above system represents 3 positions and one velocity, and the form of the equations is very similar to the well known Burmester FourPoint problem. Here, the unknowns are y 2 and 73. The unknown 72 is eliminated using the complex conjugate property. This leaves one scalar quadratic equation in 73. The solution is readily found. Back substitution into Eq. (6) will yield Z 0 .
By using Eq. (12) and by rearranging Eqs. (11) and (14) 
Eliminating Z 4 from the above equations and rearranging terms yield: By equating real and imaginary parts in the above two independent complex equations, k 2 , h it h$, and k 3 can be readily found because the equations are linear in the four unknowns. By substituting the known values into Eq. (12) and (16) Ar 3 and Z 4 can be obtained. The remainder of the link vectors can be found by back substituting into Eqs. (1), (2), (4) and (10).
Table 2 Governing equations for the mechanism
Zo + Z2 e^j + Z36 e'Yj = Rj Z2 ei<t>j + Z4 e'Yj (h3 i + kj -hs i) = Zi kj = 1 + hs (\|/j -Yj) Z2 e^j i<5j + Z36 e»Yj iyj = Rj kj = hs (\f j -yj)
Design Restrictions
Since 73 is a free choice in the solution procedure, theoretically an infinite number of solutions are possible. However many solutions are rejected because of unreasonable link length ratio, too large an offset for the rack, negative value for at least one of the k's (which implies the sudden flipping of the rack) or if the input crank interferes with the pinion. Claudio and Kramer (1986) noticed that the restrictions to insure that the rack remains in contact with the pinion, and that the input crank does not interfere with the pinion were: IZ 2 I +IZ 3 I<IZ,I + IZ 5 I if h 3 h s >0and,
The condition for complete rotatability of the crank is given as:
If the above requirements are met, then complete rotation of the input crank is insured without the problem of branching.
Analysis
Position analysis of the rack and pinion mechanism was done by Claudio and Kramer (1986) . They found that the values of k and 7 for any given position of the input crank were:
where,
(24)
For analysis, subscripts are not used since the values of 7, k,\j/,k, R, and 7 correspond to a general input crank rotation, <p. Velocity analysis requires the determination of the first derivatives of the stretch ratio, k, and rack rotation 7, with respect to time for any position of the mechanism. This can be done by substituting the values of k and 7 obtained from the position analysis in Eq. (14) and equating the real and imaginary parts. The velocity of the tracer point can then be found directly by using Eq. (13).
Numerical Example
To illustrate the validity of the method developed in this paper, a mechanism has been synthesized for the specifications given below. 8 The path vector of the tracer point is described by the following expression: R = (6 Cos <p, 2 Sin ip)(inches) 8 The pinion rotation is taken to be: \p = <p + cp 2 /900 where <p and 4> are in degrees
• The input crank is assumed to be rotating at a constant angular velocity of 2 rad/sec. Hence, ip = 2.0 in all positions.
• The precision points for path generation are taken at ip = 20, 60, 170 degs.
• The pinion rotation is specified at the first and third precision points
• The velocity vector at the third precision point is taken as (4,-7.5) inch/sec. Transactions of the ASME Using the synthesis equations derived above, a computer code was written in Fortran. Since 73 is an arbitrary choice, many solutions were obtained. The design restrictions were then applied to reduce the number of solutions. More than half the solutions were rejected because k 2 or /c 3 turned out to be negative. Out of the remaining solutions, the one with 73 equal to -60 deg was selected. The mechanism solution is shown in Fig. 4 and listed in Table 3 . It can be noticed that the directions of the vectors Z 3 and Z 5 are opposite to those assumed because, hi and h 5 are negative in this case. The mechanism was then analyzed and the results are tabulated in Table 4 . It can be seen that the velocity at the third precision point exactly matches the specified value. 
Conclusion
The rack and pinion mechanism is a versatile mechanism because it can perform path and function generation simultaneously and it has good transmission characteristics since the transmission angle is always equal to 90 deg minus the pressure angle of the rack. In this paper a velocity condition is also taken into consideration which makes this mechanism more useful in practical applications. The synthesis of this single degree of freedom mechanism for multiple output (path and function) makes it very valuable in machine and mechanism design. 
